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LAPLACIANS ON QUANTUM HYPERGRAPHS
DELIO MUGNOLO
Abstract. We introduce quantum hypergraphs, in analogy with the theory of quantum graphs developed
over the last 15 years by many authors. We emphasize some problems that arise when one tries to define
a Laplacian on a hypergraph.
A hypergraph is a pair H := (V,E), where V is a set of nodes but, unlike in the more usual case of a
graph, E is some set each of whose elements e – so-called hyperedges – is an unordered ne-tuple of elements
of V, where each ne ∈ N may depend on e. Thus we obtain graphs as a special case of hypergraphs if ne ≡ 2.
Conversely, a graph is canonically associated with H upon replacing each hyperedge e by a collection of
1
2
ne(ne − 1) edges that connect any two distinct elements of e: This graph is called the section of H in [1].
Observe that the connectivity of a hypergraph cannot be reconstructed from its section.
If an orientation is assigned to each edge of a simple graph G := (V,E), i.e., if each edge is regarded as
an ordered pair e ≡ (einit, eterm) ∈ V×V \ {(v, v) : v ∈ V}, then it is possible to define the incidence matrix
I = (ιve) by
ιve :=


+1 if v = einit,
−1 if v = eterm,
0 otherwise,
and the graph Laplacian by L := IIT . Of course, L is a symmetric and positive semidefinite operator on
the node space RV.
The first attempts to develop a systematic theory of operators on RV – and in particular of graph
Laplacians – date back to the 1970s: This spectral graph theory is nowadays rather mature, cf. [8, 3]. One
may want to introduce a hypergraph Laplacian as the graph Laplacian of the non-oriented hypergraph’s
section. This choice is made e.g. in [16] and a few subsequent papers on spectral clustering, but we argue
that in this way the essential non-binary structure of a hypergraph is lost.
An alternative approach seems to be more accurate and ultimately more appropriate for our purposes:
Oriented hypergraphs have been introduced independently by many authors, see e.g. the historical remarks
in [7], but it was only in the last few years that an algebraic hypergraph theory has been developed by
their means. Indeed, upon regarding each hyperedge as an oriented pair e ≡ (einit, eterm) of disjoint subsets
of V it is possible to introduce an incidence matrix I = (ιve) by
ιve :=


+1 if v ∈ einit,
−1 if v ∈ eterm,
0 otherwise.
The algebraic properties of a hypergraph’s incidence matrix are not as well understood as in the graph
case. E.g., the combinatorial meaning of the rank and the co-rank of I seems to be unknown. Nevertheless,
it is again possible to define a symmetric, positive semidefinite hypergraph Laplacian by L := IIT . Its
algebraic properties have been studied in [6] and more recently in [13, 14, 9], while here we briefly dip into
the time-continuous evolution equation
df
dt
(t, v) = −Lf(t, v), t ≥ 0, v ∈ V .
The associated Cauchy problem is well-posed if the hypergraph is finite, but in general it is not associated
with a Markov process, as one sees already in the simple case of a hypergraph consisting of three nodes and
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one hyperedge e with eint = {v1, v2} and eterm = {v3}. In this case the incidence matrix, the hypergraph
Laplacian, and the generated semigroup are
I =

−1−1
1

 , L =

 1 1 −11 1 −1
−1 −1 1

 , and e−tL = 1
3

 e
3t + 2 e3t − 1 −e3t + 1
e3t − 1 e3t + 2 −e3t + 1
−e3t + 1 −e3t + 1 e3t + 2

 , t ≥ 0 .
One can actually prove that if H is a proper hypergraph (i.e., not a graph), then its Laplacian always
has both positive and negative off-diagonal entries (this also follows from [6]) and hence cannot generate a
positivity-preserving semigroup.
In view of the attention devoted to quantum graphs since [10], cf. [2, 12], it is natural to wonder whether a
quantum hypergraph (and a Laplacian thereon) can also be defined. The previous observation on (e−tL)t≥0
shows that switching from hypergraphs to quantum hypergraphs, and in particular defining a differential
operator whose discretization is L, is less obvious than in the case of graphs. The sought-after differential
operator cannot be a collection of Laplacians ∆e with local boundary conditions on polygons Ωe ⊂ R2,
e ∈ E, as the common drawing of hypergraphs may naively suggest: Indeed, for such collections generate
positivity-preserving semigroups, cf. [4]. Instances of Laplacian-type differential operators that generate a
non-positivity-preserving semigroup are known, though: E.g., for an E × E-matrix-valued function C the
operator
f 7→
d
dx
(
C
df
dx
)
with some natural boundary conditions was studied in [5] – remarkably, that investigation had a different
motivation. It was proved in [5] that this operator is self-adjoint if C(x) is positive definite (uniformly
in x); but that the generated semigroup is positivity-preserving if and only if C(x) is diagonal for all x.
Hence we propose the following.
Definition 1. Let H = (V,E) be an oriented hypergraph such that einit 6= ∅ 6= eterm for all e ∈ E. We call
oriented section GH = (V,EH) of an oriented hypergraph H = (V,E) the oriented graph obtained replacing
each oriented hyperedge (einit, eterm) ∈ E by a collection of Me := |einit| · |eterm| oriented edges that go from
each element of einit to each element of eterm.
Let M := |EH| =
∑
e∈EMe and let C be the M ×M-diagonal-block matrix whose block indexed by e is
the Me×Me-matrix each of whose entries is the scalar M−1e . Then the quantum hypergraph Laplacian on
H is
∆ : (ff)f∈EH 7→
(
d
dx
(
C
dff
dx
))
f∈EH
, f ∈ H2(0, 1;CEH) ≡ H2(0, 1)⊗ CM.
We have in particular identified each edge f ∈ EH of GH with an interval [0, 1]. If in particular H is
actually a graph, i.e., GH ≡ H, then Me = 1 for all e ∈ E and we recover the usual quantum graph
Laplacian.
The matrix C in Definition 1 is symmetric – indeed, it is an orthogonal projector. It is positive definite
if and only if it is diagonal, i.e., if and only if H is a graph. Thus, ∆ cannot be proved to be self-adjoint on
L2(GH) := L
2(0, 1)⊗ CM by the results in [5], regardless of the boundary conditions we impose. In order
to overcome this difficulty, let us restrict ∆ to
D := {f ∈ H1(GH) ∩H
2(0, 1)⊗ CM : f ′
f
(0) = f ′
f
(1) = 0 for all e ∈ E} ,
where H1(GH) is the space f ∈ L2(GH) of those functions that are edgewise weakly differentiable and such
that Cf is continuous in the nodes. A direct computation shows that ∆|D is a symmetric and positive
semidefinite operator. The associated form is not closed, but it is densely defined and hence by [15,
Thm. 13.12] ∆|D admits self-adjoint extensions. If H is a graph, then it has been proved in [11] that the
usual quantum graph Laplacian – i.e., the second derivative with continuity and Kirchhoff-type boundary
conditions in the nodes – agrees with the Friedrichs extension of ∆|D. We regard the Friedrichs extension
of ∆|D as the canonical Laplacian for general hypergraphs, too. We will describe its domain in a later
paper.
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